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Agenda
In Three Lectures

Goal: Intrinsic Computation

• Lecture 1: Motivations, Examples, & Setting

• Lecture 2: Information in Processes

• Lecture 3: Computational Mechanics
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Lecture 1: Motivations, 
Examples, & Setting

• Randomness

• Pattern

• Learning

• Emergence

• Examples

• Mathematical Nesting
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Lecture 2:
Information In Processes

• Shannon Information
• Processes
• Degrees of Randomness
• Measures of Organization
• Information Hierarchy
• Limitations of Information Theory
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Lecture 3:
Computational Mechanics

• Pattern

• Causal Architecture

• Intrinsic Computation

• Modeling as Decryption
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Lessons

• Can define & measure degree of organization

• Emergence = Increase in stored information

• How natures computes is how nature is structured
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Lecture 1: Motivations, 
Examples, & Setting

• Randomness

• Pattern

• Learning

• Emergence

• Examples

• Mathematical Nesting
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Lecture 1... 
Order versus Disorder
Pattern in the Middle 

Ground

Deterministic Chaos & Structural Complexity

Innovation in Art and Society
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Pierre Simon de Laplace (1776)

Determinism:

The present state of the system of nature is evidently 
a consequence of what it was in the preceding 
moment, and if we conceive of an intelligence which 
at a given instant comprehends all the relations of the 
entities of this universe, it could state the respective 
positions, motions, and general affects of all these 
entities at any time in the past or future.
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Origin of randomness?

But ignorance of the different causes involved in the 
production of events, as well as their complexity, taken 
together with the imperfection of analysis, prevents our 
reaching the same certainty about the vast majority of  
phenomena. Thus there are things that are uncertain for 
us, things more or less probable, and we seek to 
compensate for the impossibility of knowing them by 
determining their different degrees of likelihood. So it is 
that we owe to the weakness of the human mind one of 
the most delicate and ingenious of mathematical 
theories, the science of chance or probability.

Pierre Simon de Laplace
Calculus of Probabilities (1776)
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• Clock: Ideal predictability

• Fair Coin: Ideal unpredictability

The Dynamical Extremes
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Sounds of Chaos
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Sounds of Chaos
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Gottfried Leibniz (1646-1716)
Selections, Scribner’s Sons, New York (1951) p. 571

Intrinsic Randomess:

And often, such small things can cause very important 
changes. I used to say a fly can change the whole state, 
in case it should buzz around a great king’s head while 
he is weighing important counsels of state (...). And 
even this effect of small things causes those who do not 
consider things correctly to imagine some things 
happen accidentally and are not determined by destiny, 
for this distinction arises not in the facts but in our 
understanding.
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Henri Poincaré
Les Methodes Nouvelles de la Mecanique Celeste (1892)

Intrinsic Randomness (modern):

But even if it were the case that natural laws had no 
longer any secret for us, we could still only know the 
initial situation approximately. If that enabled us to 
predict the succeeding situation with the same 
approximation, that is all we require, and we should say 
that the phenomenon had been predicted, that it is 
governed by laws. But it is not always so; it may happen 
that small differences in the initial conditions produce 
very great ones in the final phenomena. A small error in 
the former will produce an enormous error in the latter. 
Prediction becomes impossible, and we have the 
fortuitous phenomenon.
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The other side of the coin ...

• First side:

– Disorder from order
– Unpredictability from simple systems

• Now:

– Order from complication
– Organization in large-scale systems
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What is a 
Pattern?
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Patterns
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Jorge Luis Borges,
“The Analytical Language of John Wilkins”
in Other Inquisitions 1937-1952 (1964) 103.

These ambiguities, redundances, and deficiencies recall 
those attributed by Dr. Franz Kuhn to a certain Chinese 
encyclopedia entitled Celestial Emporium of Benevolent 
Knowledge. On those remote pages it is written that 
animals are divided into (a) those that belong to the 
Emperor, (b) embalmed ones, (c) those that are trained, (d) 
suckling pigs, (e) mermaids, (f) fabulous ones, (g) stray 
dogs, (h) those that are included in this classification, (i) 
those that tremble as if they were mad, (j) innumerable 
ones, (k) those drawn with a very fine camel’s brush hair, 
(l) others, (m) those that have just broken a flower vase, 
(n) those that resemble flies from a distance.

A Pattern?
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Complication versus Structure

Boredom        Variatio Delectat         Confusion
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Alfred North Whitehead
“Ideal Opposites”
in Process and Reality (1920)

The social history of mankind exhibits great organizations in their alternating 
functions of conditions for progress, and of contrivances for stunting 
humanity. The history of the Mediterranean lands, and of western Europe, is 
the history of the blessing and the curse of political organizations, of religious 
organizations, of schemes of thought, of social agencies for large purposes. 
The moment of dominance, prayed for, worked for, sacrificed for, by 
generations of the noblest spirits, marks the turning point where the blessing 
passes into the curse. Some new principle of refreshment is required. The art 
of progress is to preserve order amid change, and to preserve change amid 
order. Life refuses to be embalmed alive. The more prolonged the halt in some 
unrelieved system of order, the greater the crash of the dead society.

Complexity as the Middle Ground
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The same principle is exhibited by the tedium arising from the unrelieved 
dominance of fashion in art. Europe, having covered itself with treasures of 
Gothic architecture, entered upon generations of satiation. These jaded epochs 
seem to have lost all sense of that particular form of loveliness. It seems as 
though the last delicacies of feeling require some element of novelty to relieve 
their massive inheritance from bygone system. Order is not sufficient. What is 
required, is something much more complex. It is order entering upon novelty; 
so that the massiveness of order does not degenerate into mere repetition; and 
so that the novelty is always reflected upon a background of system.

Complexity as the Middle Ground ...

Alfred North Whitehead
“Ideal Opposites”
in Process and Reality (1920)
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• Simple systems can be complicated
• Complicated systems can be structured
• Organization arises from the interplay 

of order and randomness

Natural Lessons
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• All we can express is given in the language 
of our current understanding.

• How do we extend our vocabularies?
• Empirical: We do do this!
• We are Pattern Discovery Engines

Pattern Discovery
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Lecture 1...

• The fundamental problem:

Emergence

• How to avoid the inherent observer-subjectivity?
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The Learning Channel
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Next?

• Lecture 2: Information in Processes

What is information?

• Lecture 3: Computational Mechanics

What is computation?
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Lecture 2:
Information In Processes

• Shannon Information
• Processes
• Degrees of Randomness
• Measures of Organization
• Information Hierarchy
• Limitations of Information Theory
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Setting
• Shannon’s original:

A Mathematical Theory of Communication,
Bell Systems Technical Journal 27 (1948) 379-423; 623-656.

• Two component theories:
• Information Theory: What is information?
• Communication Theory: How is it transmitted?

INFORMATION
SOURCE

MESSAGE

TRANSMITTER

SIGNAL RECEIVED
SIGNAL

RECEIVER

MESSAGE

DESTINATION

NOISE
SOURCE

Fig. 1—Schematic diagram of a general communication system.

a decimal digit is about 31
3
bits. A digit wheel on a desk computing machine has ten stable positions and

therefore has a storage capacity of one decimal digit. In analytical work where integration and differentiation

are involved the base e is sometimes useful. The resulting units of information will be called natural units.

Change from the base a to base b merely requires multiplication by logb a.

By a communication system we will mean a system of the type indicated schematically in Fig. 1. It

consists of essentially five parts:

1. An information sourcewhich produces a message or sequence of messages to be communicated to the

receiving terminal. The message may be of various types: (a) A sequence of letters as in a telegraph

of teletype system; (b) A single function of time f t as in radio or telephony; (c) A function of

time and other variables as in black and white television — here the message may be thought of as a

function f x y t of two space coordinates and time, the light intensity at point x y and time t on a

pickup tube plate; (d) Two or more functions of time, say f t , g t , h t — this is the case in “three-

dimensional” sound transmission or if the system is intended to service several individual channels in

multiplex; (e) Several functions of several variables— in color television the message consists of three

functions f x y t , g x y t , h x y t defined in a three-dimensional continuum— we may also think

of these three functions as components of a vector field defined in the region — similarly, several

black and white television sources would produce “messages” consisting of a number of functions

of three variables; (f) Various combinations also occur, for example in television with an associated

audio channel.

2. A transmitter which operates on the message in some way to produce a signal suitable for trans-

mission over the channel. In telephony this operation consists merely of changing sound pressure

into a proportional electrical current. In telegraphy we have an encoding operation which produces

a sequence of dots, dashes and spaces on the channel corresponding to the message. In a multiplex

PCM system the different speech functions must be sampled, compressed, quantized and encoded,

and finally interleaved properly to construct the signal. Vocoder systems, television and frequency

modulation are other examples of complex operations applied to the message to obtain the signal.

3. The channel is merely the medium used to transmit the signal from transmitter to receiver. It may be

a pair of wires, a coaxial cable, a band of radio frequencies, a beam of light, etc.

4. The receiver ordinarily performs the inverse operation of that done by the transmitter, reconstructing

the message from the signal.

5. The destination is the person (or thing) for whom the message is intended.

We wish to consider certain general problems involving communication systems. To do this it is first

necessary to represent the various elements involved as mathematical entities, suitably idealized from their

2
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Setting ...
• First connects to dynamical systems theory & 

statistical mechanics: Information & its production

• Source entropy rate as key dynamical property:
• A. N. Kolmogorov, “Entropy per Unit Time as a Metric Invariant of 

Automorphisms”, Dokl. Akad. Nauk. SSSR 124 (1959) 754.
• Ja. G. Sinai, “On the Notion of Entropy of a Dynamical System”,  Dokl. 

Akad. Nauk. SSSR 124 (1959) 768.

• Prediction ⇔ Entropy rate:
• ... degree of surprise
• ... rate of information production
• ... irreducible prediction error
• ... mixing of state space regions
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Information-Theoretic Analysis 
of Complex Systems

• Chain:
• Random variable: 
• Realization:
• Event:
• Measurement alphabet:

↔
X= . . . X−2X−1X0X1X2 . . .

Xt

. . . x−2x−1x0x1x2 . . .

xt ∈ A

A
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Information-Theoretic Analysis 
of Complex Systems

• Past:

• Future:

• L-Block:

←
Xt= . . . Xt−3Xt−2Xt−1

→
Xt= XtXt+1Xt+2 . . .

XL
t = XtXt+1 . . . Xt+L−1
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Information-Theoretic Analysis 
of Complex Systems ...

• Process:

• Block distributions:

• Process specification:

Pr(
↔
X) = Pr(. . . X−2X−1X0X1X2 . . .)

{Pr(XL
t ) = Pr(XtXt+1 . . . Xt+L−1)}

{Pr(XL
t ) : ∀t, L}
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Information-Theoretic Analysis 
of Complex Systems ...

• Consistent specification:

• Stationary process: 

Pr(XtXt+1 . . . Xt+L−1) = Pr(X0X1 . . . XL−1)

Pr(XL−1
t ) =

∑

{Xt+L−1}

Pr(XL
t ) and Pr(XL−1

t ) =
∑

{Xt}

Pr(XL
t )
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Information-Theoretic Analysis 
of Complex Systems ...

• Block Entropy:

Monotonic increasing:
H(L) ≥ H(L − 1)

Bounds:

 (1) Crude:


 (2) 1-block Markov:
H(L) ≤ L log2 |A|

H(L) ≤ LH(1)

No measurements, no information:
H(0) = 0

H(L)

L

L log2 |A| LH(1)

0
0

H(L) ≡ H[Pr(XL)]

= −
∑

{xL∈AL}

Pr(xL) log2 Pr(xL)
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Information-Theoretic Analysis 
of Complex Systems ...

• Entropy Rate:

hµ = lim
L→∞

H(L)

L

Interpretations:

 Asymptotic growth rate of entropy

 Irreducible randomness of process
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Information-Theoretic Analysis 
of Complex Systems ...

• Length-L Estimate of Entropy Rate:

Interpretations:

 Uncertainty in next measurement, given past

 A measure of unpredictability

 Asymptotic slope of block entropy 

ĥµ(L) = H(sL|s1 · · · sL−1)

0 L

H(1)

1

log  |A|
2

0

H(1)

hµ

h  (L)µ

H∆
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Information-Theoretic Analysis 
of Complex Systems ...

• Predictability Gain:
∆2

H(L) = hµ(L) − hµ(L − 1)

Rate at which unpredictability is lost
1 L

H(1)
|- log  |A2

0

∆ H(L)
2
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Information-Theoretic Analysis 
of Complex Systems ...

• Entropy Hierarchy:

Took derivatives:

  (1) Block entropy:

  (2) Entropy rate:

  (3) Predictability gain:

Now take integrals!

H(L)

hµ(L) = ∆H(L)

∆hµ(L) = ∆2
H(L)
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Information-Theoretic Analysis 
of Complex Systems ...

• Total Predictability:

• Measurement Redundancy:

G =
∞∑

L=1

∆2
H(L)

−G = R = log2 |A| − hµ

1 L

H(1)
|- log  |A2

0

! H(L)2

G
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Information-Theoretic Analysis 
of Complex Systems ...

• Excess Entropy:
As entropy convergence:

E =
∞∑

L=1

[hµ(L) − hµ]

1 L

h (L)µ

hµ

E

H(1)
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Information-Theoretic Analysis 
of Complex Systems ...

• Excess Entropy
As asymptote of entropy growth:

E = lim
L→∞

[H(L) − hµL]

H(L) ∝ E + hµL

0 L

µ
+ h  L

E

E

H(L)

0

Y-Intercept of entropy growth

That is,
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Information-Theoretic Analysis 
of Complex Systems ...

• Excess Entropy:

Interpretation:
    Effective channel utilization

 Information that process communicates from past to future.

 Reduction in uncertainty about the future, given the past.

 Reduction in uncertainty about the past, given the future.

As mutual information between past and future:
    View process as a communication channel



Property:

 Symmetric in time

Past Future
Channel

PresentE = I[
←−
X ;
−→
X ]
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Information-Theoretic Analysis 
of Complex Systems ...

• Synchronized:

• Transient Information
H(L) ≈ E + hµL

L ≥ L′

Interpretations:

 Total uncertainty observed while synchronizing.

 Information to extract to be synchronized.

0 L

H(L)

µ+ h  L

E

H(L)

0

T

T =
∞∑

L=0

[E + hµL−H(L)]
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Kinds of Information

• Entropy Rate:

• Excess Entropy:

• Predictability Gain:

• Transient Information:

hµ

E

T

G
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Kinds of Information

• Entropy Rate:

• Excess Entropy:

• Predictability Gain:

• Transient Information:

hµ

E

T

G

info production; prediction error
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Kinds of Information

• Entropy Rate:

• Excess Entropy:

• Predictability Gain:

• Transient Information:

hµ

E

T

G

info production; prediction error

correlation of past and future

50Wednesday, September 2, 2009



Kinds of Information

• Entropy Rate:

• Excess Entropy:

• Predictability Gain:

• Transient Information:

hµ

E

T

G

info production; prediction error

correlation of past and future

info to extract to predict optimally
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Kinds of Information

• Entropy Rate:

• Excess Entropy:

• Predictability Gain:

• Transient Information:

hµ

E

T

G

info production; prediction error

correlation of past and future

info to extract to predict optimally

info to extract to synchronize
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Calculus of the 
Entropy Hierarchy:

Level Gain (Derivative) Information (Integral)

0 Block Entropy Transient Information

1 Entropy Rate Loss Excess Entropy

2 Predictability Gain    Total Predictability

...
... ...

H(L)

hµ(L) = ∆H(L)

∆2
H(L)

T =
∞∑

L=1

[E + hµL − H(L)]

E =
∞∑

L=1

[hµ(L) − hµ]

G = −R
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Roadmap to
Information(s)

0 L

H(L)

µ+ h  L
E

E

H(L)

0

T

h  Lµ

E

J. P. Crutchfield and D. P. Feldman, “Regularities Unseen, Randomness Observed: Levels of Entropy Convergence”,
CHAOS 13:1 (2003) 25-54.
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Is Information Theory 
Sufficient?

• No!

• Measurements are process’s states

• No direct measure of structure
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Lecture 3:
Computational Mechanics

• So far answered: What is information?

• Now: What is pattern?
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Lecture 3:
Computational Mechanics

• Pattern

• Causal Architecture

• Intrinsic Computation

• Modeling as Decryption
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Is Information Theory 
Sufficient?

• No!

• Measurements are process’s states (Wrong!)

• No direct measure of structure

• Need to use communication theory!

• ... and ...
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Setting ...
• Shannon’s second paper: Key for modeling!

Communication Theory of Secrecy Systems, Bell Sys. Tech. J. 28 (1949) 656-715.

Original effort on “information”.

two information sources—amessage source and a key source. The key source

produces a particular key from among those which are possible in the system.

This key is transmitted by some means, supposedly not interceptible, for ex-

ample by messenger, to the receiving end. The message source produces a

message (the “clear”) which is enciphered and the resulting cryptogram sent

to the receiving end by a possibly interceptible means, for example radio. At

the receiving end the cryptogram and key are combined in the decipherer to

recover the message.

MESSAGE

SOURCE

MESSAGE

M T
K

ENCIPHERER CRYPTOGRAM

E

CRYPTANALYST

ENEMY

T
K
!1

DECIPHERER

SOURCE

KEY

KEY

K

MESSAGE

ME

KEY  K

E

Fig. 1. Schematic of a general secrecy system

Evidently the encipherer performs a functional operation. IfM is the mes-

sage,K the key, and E the enciphered message, or cryptogram, we have

E = f(M, K)

that isE is function ofM andK. It is preferable to think of this, however, not
as a function of two variables but as a (one parameter) family of operations

or transformations, and to write it

E = TiM.

The transformation Ti applied to message M produces cryptogram E. The
index i corresponds to the particular key being used.

We will assume, in general, that there are only a finite number of possible

keys, and that each has an associated probability pi. Thus the key source

is represented by a statistical process or device which chooses one from

the set of transformations T1, T2, · · ·, Tm with the respective probabilities

p1, p2, · · ·, pm. Similarly we will generally assume a finite number of possible

messagesM1, M2, · · ·, Mn with associate a priori probabilities q1, q2, · · ·, qn.

The possible messages, for example, might be the possible sequences of En-

glish letters all of length N , and the associated probabilities are then the
relative frequencies of occurrence of these sequences in normal English text.

661
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Setting ...
• Shannon’s second paper: Key for modeling!

Communication Theory of Secrecy Systems, Bell Sys. Tech. J. 28 (1949) 656-715.

Original effort on “information”.

• Modeling: How to decrypt nature’s hidden 
information?

two information sources—amessage source and a key source. The key source

produces a particular key from among those which are possible in the system.

This key is transmitted by some means, supposedly not interceptible, for ex-

ample by messenger, to the receiving end. The message source produces a

message (the “clear”) which is enciphered and the resulting cryptogram sent

to the receiving end by a possibly interceptible means, for example radio. At

the receiving end the cryptogram and key are combined in the decipherer to

recover the message.
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E
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ENEMY
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K
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SOURCE

KEY

KEY
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Fig. 1. Schematic of a general secrecy system

Evidently the encipherer performs a functional operation. IfM is the mes-

sage,K the key, and E the enciphered message, or cryptogram, we have

E = f(M, K)

that isE is function ofM andK. It is preferable to think of this, however, not
as a function of two variables but as a (one parameter) family of operations

or transformations, and to write it

E = TiM.

The transformation Ti applied to message M produces cryptogram E. The
index i corresponds to the particular key being used.

We will assume, in general, that there are only a finite number of possible

keys, and that each has an associated probability pi. Thus the key source

is represented by a statistical process or device which chooses one from

the set of transformations T1, T2, · · ·, Tm with the respective probabilities

p1, p2, · · ·, pm. Similarly we will generally assume a finite number of possible

messagesM1, M2, · · ·, Mn with associate a priori probabilities q1, q2, · · ·, qn.

The possible messages, for example, might be the possible sequences of En-

glish letters all of length N , and the associated probabilities are then the
relative frequencies of occurrence of these sequences in normal English text.

661
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Setting ...
• Shannon’s second paper: Key for modeling!

Communication Theory of Secrecy Systems, Bell Sys. Tech. J. 28 (1949) 656-715.

Original effort on “information”.

• Modeling: How to decrypt nature’s hidden 
information?

two information sources—amessage source and a key source. The key source

produces a particular key from among those which are possible in the system.

This key is transmitted by some means, supposedly not interceptible, for ex-

ample by messenger, to the receiving end. The message source produces a

message (the “clear”) which is enciphered and the resulting cryptogram sent

to the receiving end by a possibly interceptible means, for example radio. At

the receiving end the cryptogram and key are combined in the decipherer to

recover the message.

MESSAGE

SOURCE

MESSAGE

M T
K

ENCIPHERER CRYPTOGRAM

E

CRYPTANALYST

ENEMY

T
K
!1

DECIPHERER

SOURCE

KEY

KEY

K

MESSAGE

ME

KEY  K

E

Fig. 1. Schematic of a general secrecy system

Evidently the encipherer performs a functional operation. IfM is the mes-

sage,K the key, and E the enciphered message, or cryptogram, we have

E = f(M, K)

that isE is function ofM andK. It is preferable to think of this, however, not
as a function of two variables but as a (one parameter) family of operations

or transformations, and to write it

E = TiM.

The transformation Ti applied to message M produces cryptogram E. The
index i corresponds to the particular key being used.

We will assume, in general, that there are only a finite number of possible

keys, and that each has an associated probability pi. Thus the key source

is represented by a statistical process or device which chooses one from

the set of transformations T1, T2, · · ·, Tm with the respective probabilities

p1, p2, · · ·, pm. Similarly we will generally assume a finite number of possible

messagesM1, M2, · · ·, Mn with associate a priori probabilities q1, q2, · · ·, qn.

The possible messages, for example, might be the possible sequences of En-

glish letters all of length N , and the associated probabilities are then the
relative frequencies of occurrence of these sequences in normal English text.
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Computational 
Mechanics

• Intrinsic computation:

1. How much historical information is stored in the present?

2. In what architecture is that information stored?

3. How does stored information produce future behavior?

J. P. Crutchfield and K. Young, “Inferring Statistical Complexity”,
Phys. Rev. Let. 63 (1989) 105-108.
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• Process                 is a communication channel 
from the past      to the future     :

Pr(
←−
X,
−→
X )
←−
X

−→
X

Computational 
Mechanics

Past Future

Channel

Present
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• Prediction: Map from a past to possible futures

• A good predictor captures all of the information 
between past and future:

         Process’s effective channel utilization.

• Modeling:
• Make good predictions, but also
• Represent underlying mechanisms

Pr(
−→
X |←−x )

E = I[
←−
X ;
−→
X ]

Computational 
Mechanics
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• Group all histories that give same prediction:

• Equivalence relation:

• Equivalence classes are causal states:

ε(←−x ) = {←−x ′ : Pr(
−→
X |←−x ) = Pr(

−→
X |←−x ′)}

←−x ∼ ←−x ′

S = Pr(
←−
X,
−→
X )/ ∼

Computational 
Mechanics
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• ε-Machine:

• Dynamic:
T (x)

σ,σ′ = Pr(σ′|σ, x)

Computational 
Mechanics

State State

Transient
States

Recurrent
States

BA

D

C

1| 2
3

1| 3
4

0| 1
4

0| 1
3

0| 1
2

1| 1
2

1|1

M = {S, {T (x), x ∈ X}}
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• Causal Shielding:

• Optimal Prediction:

• Capture all of the shared information:

Pr(
←−
X,
−→
X |S) = Pr(

←−
X |S)Pr(

−→
X |S)

Pr(
−→
X |S) = Pr(

−→
X |←−X )

I[S;
−→
X ] = E

Computational 
Mechanics
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• Rival models:

• Prescient rivals:

• ε-Machine smallest prescient model:

Computational 
Mechanics

I[R̂;
−→
X ] = E

R

Cµ ≡ H[S] ≤ H[R̂]
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Kinds of
Intrinsic Computing

• Directly from ε-Machine:

• Stored information  (Statistical complexity):

• Information production (Entropy rate):

Cµ = −
∑

σ∈S

Pr(σ) log2 Pr(σ)

hµ = −
∑

σ∈S

Pr(σ)
∑

σ′∈S,s∈A
Pr(σ →s σ′) log2 Pr(σ →s σ′)
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Stored Information

• New “invariant”—Statistical complexity:
• J. P. Crutchfield and K. Young, “Inferring Statistical Complexity”, Physical 

Review Letters 63 (1989) 105-108.

• The amount of information a process stores

• ... producing its unpredictability (entropy rate)

Cµ
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Complexity-Entropy 
Diagrams

Randomness,
Entropy

Structural
Complexity

Predictable Unpredictable

Simple

Complex
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Complexity-Entropy
Diagrams ... a Variety
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2D Ising Spin System
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Complexity-Entropy
Diagrams ... a Variety

Logistic Map

0
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4

5
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Entropy Rate hµ
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Complexity-Entropy
Diagrams ... a Variety

ε-Machines

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1

c µ

hµ

n=6
n=5
n=4
n=3
n=2
n=1

D. P. Feldman, C. S. McTague, and J. P. Crutchfield, “The Organization of Intrinsic Computation: Complexity-Entropy 
Diagrams and the Diversity of Natural Information Processing”, CHAOS 18:4 (2008) 59-73.
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What’s New?
• Hidden processes: State information only 

available via measurement.

• So, how accessible is information?

• How are measurements connected to internal 
states?

• How is prediction connected to modeling?

72Wednesday, September 2, 2009



Focus Problem

• Quantitative version:

• Prediction ~ 

• Modeling ~ 

• So, how are these related?

E

Cµ
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Focus Problem

• Known:

• Spin systems:

• Generally,

Cµ = E + Rhµ

E ≤ Cµ

J. P. Crutchfield and D. P. Feldman, “Statistical Complexity of Simple One-
Dimensional Spin Systems”, Physical Review E 55:2 (1997) R1239-R1243.

C. R. Shalizi and J. P. Crutchfield, “Computational Mechanics: Pattern and 
Prediction, Structure and Simplicity”, J. Stat. Phys. 104 (2001) 817-879.
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Focus Problem

• Can get      and       from ε-Machine.

• How to calculate     from ε-Machine?

• Back to the big issues at the beginning (relating 
modeling and prediction), but with a new 
“invariant”: information accessibility.

Cµhµ

E
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Directional
Computational Mechanics

• Previously, “forward” ε-Machines:
• Equivalence relation:

• States:

• Machine:

• Entropy Rate:

• Statistical Complexity:

ε+

S+

−→x ∼+ −→x ′

M+

C+
µ

h+
µ

↔
X= . . . X−2X−1X0X1X2 . . .

Scan direction
76Wednesday, September 2, 2009



• Now, “reverse” ε-Machines:

• Retrodictive equivalence relation: 

Directional
Computational Mechanics

−→x ∼− −→x ′

ε−(−→x ) = {−→x ′ : Pr(
←−
X |−→x ) = Pr(

←−
X |−→x ′)}

Scan direction

↔
X= . . . X−2X−1X0X1X2 . . .
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• Retrodictive causal states:

• Reverse ε-Machine:

• Retrodictive entropy rate:

• Reverse statistical complexity: 

Directional
Computational Mechanics

S− = Pr(
←−
X,
−→
X )/ ∼−

M−

h−µ

C−µ ≡ H[S−]
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Directional
Computational Mechanics

• Which time direction is most predictable?

• How much information must be stored?

• Temporal asymmetry in structure!

h−µ = h+
µ

C−µ != C+
µ

Neither!
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Directional
Computational Mechanics

Hidden Process Lattice

3

vector. Note that a process’s statistical complexity can
also be directly calculated from its ε-machine:

Cµ = H[S]

= −
∑

{S}

Pr(S) log2 Pr(S) . (5)

Thus, the ε-machine directly gives two important proper-
ties: a process’s rate (hµ) of producing information and
the amount (Cµ) of historical information it stores in do-
ing so.

EXCESS ENTROPY

Until recently, E could not be as directly calculated
as the entropy rate and the statistical complexity. This
state of affairs was a major roadblock to analyzing the
relationships between modeling and predicting and, more
concretely, the relationships between (and even the inter-
pretation of) a process’s basic properties—hµ, Cµ, and
E. Ref. [14] announced the solution to this long-standing
problem by deriving explicit expressions for E in terms of
the ε-machine, providing a unified information-theoretic
analysis of general processes. Here we provide a detailed
account of the underlying methods and results.

To get started, we should recall what is already known
about the relationships between these various quanti-
ties. First, some time ago, an explicit expression was
developed from the Hamiltonian for one-dimensional spin
chains with range-R interactions [8]:

E = Cµ − R hµ . (6)

It was demonstrated that E is a generalized order param-
eter: Compared to structure factors, E is an assumption-
free way to find structure and correlation in spin systems
that does not require tuning [9].

Second, it has also been known for some time that the
statistical complexity is an upper bound on the excess
entropy [19]:

E ≤ Cµ . (7)

Nonetheless, other than the special, if useful, case of spin
systems, until Ref. [14] there had been no direct way to
calculate E. Remedying this limitation required broad-
ening the notion of what a process is.

RETRODICTION

The original results of computational mechanics con-
cern using the past to predict the future. But we can
also retrodict: use the future to predict the past. That
is, we scan the measurement variables not in the forward
time direction, but in the reverse. The computational

mechanics formalism is essentially unchanged, though its
meaning and notation need to be augmented [22].

With this in mind, the previous mapping from pasts
to causal states is now denoted ε+ and it gave, what we
will call, the predictive causal states S

+. When scan-
ning in the reverse direction, we have a new relation,
−→x ∼− −→x ′, which groups futures that are equivalent for
the purpose of retrodicting the past: ε−(−→x ) = {−→x ′ :

Pr(
←−
X |−→x ) = Pr(

←−
X |−→x ′)}. It gives the retrodictive causal

states S
− = Pr(

←−
X,

−→
X )/ ∼−. And, not surprisingly, we

must also distinguish the forward-scan ε-machine M+

from the reverse-scan ε-machine M−. They assign corre-
sponding entropy rates, h+

µ and h−
µ , and statistical com-

plexities, C+
µ = H[S+] and C−

µ = H[S−], respectively, to
the process.

To orient ourselves, a graphical aid, the hidden process
lattice, is helpful at this point; see Table I.

Past Present Future
←−
X

−→
X

. . . X−3 X−2 X−1 X0 X1 X2 . . .

. . .S+
−3 S+

−2 S+
−1 S+

0 S+
1 S+

2 S+
3 . . .

. . .S−
−3 S−

−2 S−
−1 S−

0 S−
1 S−

2 S−
3 . . .

TABLE I: Hidden Process Lattice: The X variables denote
the observed process; the S variables, the hidden states. If one
scans the observed variables in the positive direction—seeing
X−3, X−2, and X−1—then that history takes one to causal
state S+

0 . Analogously, if one scans in the reverse direction,
then the succession of variables X2, X1, and X0 leads to S−

0 .

Now we are in a position to ask some questions. Per-
haps the most obvious is, In which time direction is a
process most predictable? The answer is that a process
is equally predictable in either:

Proposition 1. [2] For a stationary process, optimally
predicting the future and optimally retrodicting the past
are equally effective: h−

µ = h+
µ .

Proof. A stationary stochastic process satisfies:

H[X−L+2, . . . , X0] = H[X−L+1, . . . , X−1] . (8)
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• Theorem:

• Effective transmission capacity of 
communication channel between forward and 
reverse processes.

E = I[S+;S−]

Directional
Computational Mechanics
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• Corollaries:

Directional
Computational Mechanics

E = C+
µ −H[S+|−→X ]

= C+
µ −H[S+|S−]

E = C−µ −H[S−|←−X ]

= C−µ −H[S−|S+]
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• Corollaries:

Directional
Computational Mechanics

E = C+
µ −H[S+|−→X ]

= C+
µ −H[S+|S−]

E = C−µ −H[S−|←−X ]

= C−µ −H[S−|S+]

What are
these terms?
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• Bidirectional Machine:

• Equivalence relation:

• Bidirectional States:

Directional
Computational Mechanics

M±

ε±(←→x ) = {(←−x ′
,−→x ′) :←−x ′ ∈ ε+(←−x ) and −→x ′ ∈ ε−(−→x )}

S± = Pr(
←−
X,
−→
X )/∼±

⊂ S+ × S−
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• Bidirectional Machine:

• Statistical Complexity:

Directional
Computational Mechanics

C±µ ≡ H[S±] = H[S+,S−]

M± = {S±; T (x), x ∈ A}
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• Excess entropy:

• Only when           :

•         is efficient:

• Bounds:

Directional
Computational Mechanics

E = C+
µ + C−µ − C±µ

E = 0 C±µ = C+
µ + C−µ

M± C±µ ≤ C+
µ + C−µ

C+
µ ≤ C±µ C−µ ≤ C±µ
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• Temporal asymmetry:

• Causal Irreversibility:

• Time-symmetric component (     ) cancels!

J. P. Crutchfield, “Semantics and Thermodynamics”, in Nonlinear Modeling and Forecasting, 
M. Casdagli and S. Eubank, editors, Addison-Wesley, Reading, Massachusetts (1992) 317-359.

Directional
Computational Mechanics

C−µ != C+
µ

E

Ξ ≡ C+
µ − C−µ

= H[S+|S−]−H[S−|S+]

86Wednesday, September 2, 2009



• Crypticity:

Distance between measurements & model:

Information inaccessibility!

How much internal information is hidden.

Directional
Computational Mechanics

χ ≡ H[S+|S−] + H[S−|S+]

d(X, Y ) = H[X|Y ] + H[Y |X]

C±µ = E + H[S+|S−] + H[S−|S+]
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• Directional crypticities:

χ− = H[S−|←−X ]
= H[S−|S+]

χ+ = H[S+|−→X ]
= H[S+|S−]

Directional
Computational Mechanics
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k-Cryptic Processes

• k-Cryptic:

• No general way to know the order k.

• k-Cryptic approximation:

• That is,

H[Sk|
−→
X 0] = 0

χ(k) = H[S0|Xk
0 ,Sk]

χ = χ(k) + H[Sk|
−→
X 0]

Error term
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 -machine
information Diagram

ε
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 -machine
information Diagram

ε

Info Production
∝ hµL
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 -machine
information Diagram

ε

Info Production
∝ hµL

Info Production
∝ hµL
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 -machine
information Diagram

ε

Info Production
∝ hµL

Info Production
∝ hµL

Crypticity
χ+
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 -machine
information Diagram

ε

Info Production
∝ hµL

Info Production
∝ hµL

Crypticity
χ+

χ−
Crypticity
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The Past and the Future
in the Present

• What right to use the “future”? It hasn’t happened yet!

• Any time you write down a model, you make a 
commitment not only to what histories can occur, but 
also what futures can be generated.

• A model (equations of motion) has both past and 
future built in.

• Ditto empirics: Measure time series; once measured, 
then “futures” are available.
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Examples
• Even Process (a) M+

(b) M−

(c) M±

A Bp|0

1 − p|1

1|1

C Dp|0

1 − p|1

1|1

AC BD
+|p|0
−|p|0

+|1 − p|1
−|1 − p|1

+|1|1
−|1|1

T (0) =
( A B

A p 0
B 0 0

)

T (1) =
( A B

A 0 1− p
B 1 0

)
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Examples
• Even Process

Pr(S+) =
( A B

1
2−p

1−p
2−p

)
Pr(S−) =

( C D
1

2−p
1−p
2−p

)

C+
µ = H (1/(2− p))

hµ = H(p)/(2− p)

χ± = 0⇒ E = C±µ

Ξ = 0Causally reversible:

A 0-cryptic process
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Examples
• Even Process bidirectional machine:

Pr(S+|S−) =
( A B

C 1 0
D 0 1

)
Pr(S−|S+) =

( C D

A 1 0
B 0 1

)

Pr(S±) = Pr(AC,BD) = (2/3, 1/3)p = 1/2

C±µ = H[S±] = H(2/3) ≈ 0.9183 bits

E = I[S+;S−] ≈ 0.9183 bits
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Examples
• Even Process

0.0 0.2 0.4 0.6 0.8 1.0

Probability p

0.0
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Examples

• Golden Mean Process

T (0) =
( A B

A 0 1− p
B 0 0

)

T (1) =
( A B

A p 0
B 1 0

)

(a) M+

(b) M−

(c) M±

A Bp|1

1 − p|0

1|1

C Dp|1

1 − p|0

1|1

AC

AD

BC

+|p|1
−|p|1

+|1 − p|1

−|p|1

−|1 − p|1

+|p|1

+|1 − p|1
−|1|0

+|1|0
−|1 − p|1
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Examples

• Golden Mean Process

E = H

(
1

2− p

)
− H(p)

2− p
χ± != 0

χ± = H(p)/(2− p)

Pr(S+) =
( A B

1
2−p

1−p
2−p

)
Pr(S−) =

( C D
1

2−p
1−p
2−p

)

C+
µ = H (1/(2− p))

hµ = H(p)/(2− p)

Just as with Even Process! But ...

Ξ = 0Causally reversible:

97Wednesday, September 2, 2009



Examples

• Golden Mean Process bidirectional machine

Pr(S+|S−) =
( A B

C p 1− p
D 1 0

)

Pr(S−|S+) =
( C D

A p 1− p
B 1 0

)

Pr(S±) = Pr(AC,AD,BC) = (p, 1− p, 1− p) /(2− p)
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Examples

• Golden Mean Process

p = 1/2

C±µ = H[S±] = log2 3 ≈ 1.5850 bits

E = I[S+;S−] ≈ 0.2516 bits

χ± ≈ 1.3334 bits

A cryptic process, with order k = 1.
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Examples

• Golden Mean Process
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Probability p

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

B
it

s

χ+

E

χ−
C±µ

C+
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Examples ...
Random Insertion Process

M+ M−

M±
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Examples ...
Random Insertion Process

M+

M− Pr(D,E, F, G) = (1, 1− pq, pq, p)/(p + 2)

Pr(A,B,C) = (1, p, 1)/(p + 2)

C+
µ ≈ 1.5219 bitsp = q = 1/2

C−µ ≈ 1.8464 bits

hµ = 3/5 bits/measurement

Ξ ≈ 0.3245 bits
Causally irreversible:
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Examples ...
Random Insertion Process

M±

E = log2(p + 2)− p log2 p

p + 2
− 1− pq

p + 2
H

(
1− p

1− pq

)

χ+Cµ

Pr(S+,S−) = 1
(p+2) ×





D E F G

A 0 1− p 0 p
B 0 p(1− q) pq 0
C 1 0 0 0




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Examples ...
Random Insertion Process

M±

p = q = 1/2

C±µ = H[S±] ≈ 2.1219 bits

E = I[S+;S−] ≈ 1.2464 bits

A rather cryptic process!

Pr(S±) = Pr(AE,AG, BE, BF, CD)
= (1/5, 1/5, 1/10, 1/10, 2/5)

χ ≈ 0.8755 bits
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Examples ...
Random Insertion Process

0.0 0.2 0.4 0.6 0.8 1.0
p = q
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q = 0.99
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p

q = 0.5
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p = 1− q
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p

q = 0.01

χ−

E

χ+

0.0 0.2 0.4 0.6 0.8 1.0
q

p = 0.01

0.0 0.2 0.4 0.6 0.8 1.0
q

p = 0.99

0.0 0.2 0.4 0.6 0.8 1.0
p

0.0

0.2

0.4

0.6

0.8

1.0

q

non-cryptic, reversible

semi-cryptic, irreversible

cryptic, reversible

cryptic, irreversible

1 bit
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Examples
• Nemo Process: ∞-cryptic

A

B C

p|1

1 − p|0

1|0

1 − q|0

q|1
Cµ = log2(3− 2p)− 2(1−p)

3−2p log2(1− p)

Causally reversible: C+
µ = C−µ

H[Sk|
−→
X 0] > 0, k = 0, 1, 2, . . .∞-Cryptic:

Pr(S) =
1

3− 2p

( A B C

1 1− p 1− p
)
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Examples
• Nemo Process: ∞-cryptic

Pr(S+|S−) = 1
p+q−pq





A B C

D p 0 q(1− p)
E 0 q p(1− q)
F q p(1− q) 0





E = Cµ −H[S+|S−]

= log2(3− 2p)− 2(1− p)
3− 2p

log2(1− p)

− 1
3− 2p

[
p

p + q − pq
log2

(
p + q − pq

p

)
+

q(1− p)
p + q − pq

log2

(
p + q − pq

q(1− p)

)]

+
2(1− p)
3− 2p

[
q

p + q − pq
log2

(
p + q − pq

q

)
+

p(1− q)
p + q − pq

log2

(
p + q − pq

p(1− q)

)]
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Cautionary Tales From 
the Cryptic

• Cryptic Processes: Excess entropy 
can be arbitrarily small (          ).

• Even for very structured (           ) 
processes.

• Care when applying informational 
analyses to complex systems; esp. 
mutual information.

• Best to focus on causal architecture, 
then calculate what you need.

Cµ ! 1

E ≈ 0
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Immediate
Conclusions

• New meaning to excess entropy:

• New level of analytical calculation possible.

• New algorithms for complexity measures.

E = I[S+;S−]
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Broad
Conclusions

• Prediction connected to modeling.

• Lesson: Must be very careful in empirically 
estimating complex systems organization: 
Very slow convergence!

• Temporal Computational Mechanics complete!
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Lessons
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Lessons

• Can define & measure degree of pattern

• Emergence = Increase in stored information

• How natures computes is

                   how nature is structured
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Computational 
Mechanics

Intrinsic computation:
1. How much historical information is stored in the 

present?

2. In what architecture is that information stored?

3. How is the stored information used to produce 
future behavior?
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Computational 
Mechanics

Intrinsic computation:
1. How much historical information is stored in the 

present?

2. In what architecture is that information stored?

3. How is the stored information used to produce 
future behavior?

Cµ

hµ

ε−Machine
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Thanks!

http://cse.ucdavis.edu/~chaos/
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