A Diophantine Definition of the Exponential
Function
Martin Davis

We will work with the so-called Pell equation:
2® — dy®* =1 where d = a® — 1 for some a > 1 (%)
We note the obvious solutions:
x=1 y=0
r=a; y=1

The following lemmas investigate some of the rich proper-
ties of the solutions of (*).

Lemma 1. There are no integers x, y, positive, nega-
tive, or zero, satisfying (*) for which 1 < z+yv/d < a+v/d.

Proof. Let x,y satisfy (*). Since
1= (a+Vd)(a—Vd) = (z+yVd)(z - yVd),
the inequality implies (taking negative reciprocals)

—1< —z4+yVd < —a+Vd.
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Adding the inequalities 0 < Qy\/a < 2\/3, that is, 0 <
y < 1, a contradiction.Od

Lemma 2. Let xq,y; and x9, yy satisfy (*). Let
v+ yVd = (x1 +y1vVd) (22 + 12Vd).
Then, x,y satisfies (*).
Proof. Replacing v/d by —v/d we get
r —yVd = (21 — y1vVd) (22 — yVd).
Multiplying, we have
v’ —dy” = (2] — dyf)(a5 — dy5) = 1. O
Definition: We set zp,(a) + yn(a)vVd = (a + v/d)™.
Often we omit a just writing xy, yn.

Lemma 3. xj,,y, satisfies (*).
Proof. Lemma 2 and mathematical induction.

Lemma 4. Let z,y > 0 satisfy (*). Then there is an
n such that * = x,, and y = yj,.

Proof. Since the sequence (a + +/d)" increases monoton-
ically to infinity, there exists an n such that

(a+Vd)" <z +yVd < (a+Vd)"
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If (a 4+ vd)" = x + y/d, we are done. But otherwise

(a+Vd)" <z +yVd < (a+Vd)"!

which would imply
1 < (a—Vd)"(z+yVd) <a+Vd

contradicting Lemmas 1 and 2. O
Lemma 5. zym+n = Tmen £ dymyn and ymtn =
TnYm L TmYn.

Proof.
Tm+n T ym+n\/_ = (a+ \/_)m+n
= (a+ Vd)™(a + Vd)"
= (2 + ymVd) (zn + ynVd)
= (Tmxn + dymyn)
+ (Tnym + fmyn)\/a

The m — n case is handled similarly. O
Lemma 6. z,,+1 = ax,, = dy,;, and
Ym=41 = aYm £ Tm.
Proof. Set n =1 in Lemma 5. O
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We are next going to study divisibility relationships among
the y,. We use the following standard notation:
r| s for s is divisible by r

rLs for the only common divisor
of r and sis 1
r=s (modm) for m|(r—s)

Lemma 7. z, L y,.

Proof. Since 22 — dy> = 1, any common divisor would
divide 1. O

Lemma 8. Ifn | m then y, | ym.
Proof. Let m = nk. The result is obvious for £ = 1. By
Lemma 5,

Yn(s+1) = TnlYns + TnsYn
Proceeding by induction, we may assume that y,s is divis-
ible by y,. Hence the first term of the right side of this
equation is divisible by y, as well. Since the second term
is obviously divisible by vy, this gives the result. O

Lemma 9. n | m if and only if y, | ym.

Proof. To prove the converse of Lemma 8, suppose that
Yn | ym but it is not the case that n | m. So we can write
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m=qn+r, 0 <r <n. Thus

Ym = Ygn+r = Tgn¥Yr + TrYgn
By Lemma 8, yp, | ygn. Hence yn | zgnyr. We will show
that y, L xgn. Assuming this for the moment, we get
Yn | yr which is impossible since r < n.

To complete the proof suppose that s | yp, and s | zp,.
By Lemma 8, s | yng. By Lemma 7, this implies that
s=1.0

Lemma 10. y,; = kz" "1y, (mod ¢2).

Proof.

T + YV = (a+ V)™

— (xn‘|‘yn\/a)k

Eo(k
7=01J

In this sum, the terms for which 5 is even contribute to
x,7. while those with j odd contribute to y,,;., because it

is these last that are an integer multiple of v/d. Thus,
k k
3 5

vyl i/

k—1 k—3 3 k—5 5 32
Ynk = kxy yn + | |zn Cypd + | g Cypdt +




Thus the desired result follows. O
Lemma 11. o2 | yny,.
Proof. Setting k = y,, in Lemma 10, we have:

ynyn—xyn 12"‘0?/71 L

Lemma 12. If y2 |y then yp | m.

Proof By Lemma 9, n | m; so let m = nk. By Lemma
10, v2 | kalf=ly,, ie., yn | kz®~1 But by Lemma 7,
yn L xy. Hence, yy, | k. Finally, yp, | m. O

Lemma 13. Tpal = 20Ty — Tp—1 and ypr1 =
2aYn — Yn—1-
Proof. By Lemma 6,

Tpil = aTn + dYp, Ynt1 = aYn + Tp
Tp—1 = axp — dYn, Yntl = AYn — Tp
Adding, we get x,, 11 + Tp_1 = 2axy and Ypa 1 + Yp—1 =
20Yp. U
Lemma 14. yp(a) =n (mod a —1).
Proof. This is obvious for n = 0, 1. Assuming the result
known for k — 1 and k, noting that a =1 (mod a — 1),
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and using Lemma 13,

Ykl = 209 — Yk—1
=2k—(k—1) (moda—1)
= k+1 O

Lemma 15. [f a = b (modc), then for all n,
rn(a) = xp(b) (mod ¢) and yp(a) = yn(b) (mod c).

Proof. Use induction and Lemma 13. O.

Lemma 16. When n is even yj,, is even, and when n

is odd vy, 1s odd.
Proof. Using Lemma 13,

Yn+1 = 20Yn — 2Yn—1 + Yn—1 = Yp—1 (mod 2).
Since yg = 0 and y; = 1, the result follows. O
Lemma 17.
tn(a) — yn(a)a—y) =y"  (mod 2ay — y* — 1),
Proof. Thisis true for n = 0, 1, namely xqg—yp(a—y) = 1

and x1 — y1(a — y) = y. Assuming the result known for
k — 1 and £ and using Lemma 13, we get



Tir1 — Ypr1la —y) = [2azy — 4]
—2ayy, — yp—1l(a — y)
= 2alzy, — ypla — y)]
—|rp—1 — yr—1(a —y)]

= 2ay” — yF1 (mod 2ay — y? — 1)
= y" 20y - 1)

= yk_lyQ (mod 2ay — y? — 1)

_ Mo

Lemma 18. Forall n, y,11 > yn > n.
Proof. Follows from Lemma 6. O
Lemma 19. For all n,

Tpatila) > zp(a) > a"; zpla) < (2a)".
Proof. By Lemmas 6 and 13,

arp(a) < xpiq(a) < 2axp(a). The result follows by in-
duction. O

We write:



Lemma 20. yor 1 = Ap - g
Proof. Using Lemma 5,

Yokt+1 = TEYk+1 T YrTE4
l=uy1 = ZpYp1 — YeTh41-

Multiplying these equations:

2 2 2 2
Yok+1 = $kyk+12— gkxkﬂ , ,
= (1 +dyp)vi+1 — yr(1 + dygy1)
2 2
= Yk+1 — Yk = A - Mg O
Lemma 21. M. L y;.

Proof. By Lemmas 6 and 20, A\;. and pj are both odd.
Let s | A\, and s | pz.. Then,

S| Ak 4w and s | Ap — i

Thus, s | 2ypy1 and s | 2y;.. Because s is odd, s | ypyq
and s | y.. By Lemma 6, s | xz, and by Lemma 7, this
implies s = 1. O



Lemma 22. (2s+1) | (2n 4+ 1) implies As | Ay, and

fs | i

Proof. Let (2n+1) = (2s+1)q. Our proof is by induction
on q. Of course the result is trivial if ¢ = 1. Since ¢ must be
odd, it suffices to show that if the result is true for ¢ = ¢y,
then it is also true for ¢ = g1 + 2. Let

2n1+1) = (2s+ 1)
(2n+1) = (25 +1)(q; + 2).

Then, n =ny + 2s + 1. Using Lemma 5,

Yn+1 £ Yn = Y(ny+1)+(2s5+1) + Yni+2s+1
— (yn1+1x23+1 + xn1+1y23+1)
i(yn1x25+1 T xn1y25+1)
— 3723+1(yn1+1 + ynl) + y23+1(37n1+1 + $n1)-
The result follows using the induction hypothesis. O
Lemma 23. Let 2n+ 1) = (25 + 1)y2s+1. Then,
)\g | Ap, and ;@ | fin. Also, Mg L pup and ps L Ap.
Proof. By Lemma 11,

5
Yosi1 | Yont1-
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By Lemma 20,
S/LS | Antin.
Lemma 22 implies that Ag | Ay, and g | fin.

Now, suppose that r | Ag and | . Then also, r | Ap.
Thus, by Lemma 21, r = 1. We have shown that Ag L p,.
Similarly, pg L Ap.

Since A2 | Mupin and A2 L i, we conclude that A2 | Ay
Similarly, 2 | pn. O

Lemma 24. We have the following modulo A

Yor+1 =05 o1 = 1; 241 = 24

Proof. In this proof all congruences are modulo A;.. The
first relation follows at once from Lemma 20. Any divisor
of A and y; must divide y;. 1 and therefore also x. So,
A L yr. Now, since Y1 = —yg, we have:

0 = Yor+1 = YpThi1 + TEYk+1
= YkTk+1 — TEYE
= Yp(Tpt1 — T)-
Thus, A\, | (vpoq — 1), 1e. zpy 1 = zp. [t remains to
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consider x9p. 1. But,

Lok+1 = LT+l T AYpYk41
= a:]% — dy]% =1. O
Lemma 25. (PERIODICITY) y,,19k+1 = yn(mod Ap).
Proof.

Yn+2k+1 = YnT2k4+1 T TnlY2k+1
yn -1 +xp-0=yp. O

Lemma 26. Y., = —VYrii_, (mod Ap).
Proof. Using Lemma 24,

Ye+1—n = Yk+1Tn — Tk4+1Yn
= —YrTn — TEYn
— —Ykin- L]

Lemma 27. The numbers {y; : 0 < i < 2k + 1}, are
mutually incongruent modulo Aj..

Proof. By Lemma 18, y;.. 1 > y; + 1. Therefore,
A > 2y + 1.
That is,
yr < (A —1)/2.
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Since Az is an odd number, every integer is congruent mod-
ulo Az to one and only one of the numbers:

—(Ap = 1)/2, ..., =1,0,1, ..., (A, — 1)/2.

Now

O=yo <y <...<yp < (M —1)/2

So the numbers yg, y1, ...,y are certainly mutually in-
congruent. Furthermore, by Lemma 26, the numbers

Ye+1,Yk+25 - - - s YOI

are congruent respectively to:

Yk —Yk—15---5 Y1,

which gives the result. O

Theorem (THE MAIN LEMMA). Let v < yi.(a),
m = a (mod Ai(a)), and v = yp(m) (mod Ap(a)).
Then there is a j < k such that v = y;(a) and
j=n (mod 2k +1).

Proof. By Lemma 15,

v =yp(m) = ypla) (mod Ap).

13



Let n=02k+1)g+7, 0 <5 <2k + 1. So,
j=n (mod 2k + 1). By Periodicity (Lemma 25),

yn(a) = y;(a) (mod Ag). So,
v = yj(a,) (mod Ap) and v < yr(a) < zr(a)+yi(a) = Ar.

Now, 7 < k., which we see as follows: If otherwise 5 > k.,
then using Lemma 26 with n = 7 — k£, we would have

v=yjla) = —Yokt1-j5(a) (mod Ag).

But v and —ygj 11 ; are different (one is non-negative and
the other is negative) and both are included among the
numbers (*) in the proof of Lemma 27; so this is impossible.
Now using 7 < k we have:

yjla) < ypla) < A
Finally, we see that v and y,(a) are a pair of non-negative

numbers, congruent modulo Az both < Ap;
hence v = y;(a). O

14



THE EQUATIONS

Du+j=wv

[la) p+(a—1)g=v+r+1
[b)g=v+t+1

1) p* — (a®* — 1)¢* =1

IVa) h+ (a4 1)g = (b+ 1)(p+ (a+ 1)g)?
IVb) h+ (a—1)g = (c+ 1)(p+ (a — 1)g)?
V) h? — (6> = 1)g? =1
VI)m=(h+(a+1)g)z+a
VIDm=(p+(a—1)q)f +1

VI 22 — (a? — 1)y* =1
X)y=dlp+(a—1)g) +u
X)y=elh+(a+1)g)+v

N S N N N N N, N, N S, N, N N/

(XI) w? — (a® — v? =1

(XIL) (w —v(a— B) — a)> = y%(2af — 2 — 1)?
(XID) a+7+1=2a3— 3% —1
XIV)n=8+C+1l=u+E+1
(XV) a® — (12 = )(n— 1?0 +1)> =1
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Theorem. Equations (I) - (X) with parameters u, v, a
have a solution for a > 1 if and only if v = yy(a).

Proof. First let (I) - (X) be satisfied. (IIT) and (V) permit

us to write:

]
=
PTA
—~
=
S
]
<
PTA
—~
=

p=1xs(a),q=ys(a);h =

Using Lemma 0,

p+(a—1)g=zs(a)+ (a—1)ys(a)
= yst1(a) — ys(a) = ps(a); (%)
p+(a+1)g=xzs(a)+ (a+1)ys(a)
= ys+1(a) + ys(a) = As(a); (%)
h+(a—1)g=x(a) + (a — 1)y;(a)
= Ypt1(a) — ypla) = pgla); (%)
h+(a+1)g =x(a)+ (a+ 1)yr(a)

= Yrt1(a) +ypla) = Apla). ()
(I) and (I1a,b) yield the inequalities:

u<v< s, v < g=ygla)
Using (IVa,b), A2 | i, p2 | pg.. Therefore,

2
(y25+1) \ Yok+1-
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By Lemma 12, 49541 | 2k + 1. So, us | 2k + 1.
(VI) and (VII) give us the congruences:

m=a (mod A\z),m=1 (mod us),
and (IX) and (X) yield the congruences:
y=u (mod ps),y=v (mod Ap).

Finally, by (VIII), there is a number n such that
y = yn(m). Therefore, we can apply the main lemma to
obtain a number 3 < k such that

v=y,(a) and n=j (mod 2k +1).
[t remains to show that j = u. Since ug | 2k + 1, we have
n=j (mod ug).

Sincem =1 (mod pg), Lemma 14 tells us that y,(m) =
n  (mod pug). Thus,

u=y=n=75 (mod us).

To show that u = 7 it will therefore suffice to show that
they are both < us. But we already know that u < pug.
And, using Lemma 18,

jgyj(a)zv<ﬂs-
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We conclude that v = yy(a).

Conversely, let v = yy(a). We proceed to show how to
satisfy (I)-(X). Since Lemma 18 implies that v > u, we can
choose j to satisfy (I). Choose s so large that ys(a) > v,
and set p = zg(a), ¢ = ys(a), thus satisfying (I11). Then,

p+(a—1)qg > ysla) >v

so (ITa) can be satisfied. Let k be the integer satisfying the
equation:
(2k + 1) = yos41(2s + 1),

and set h = x1.(a), g = yi.(a), thus satisfying (V). Then,

g =1yila) > ys(a) =q > v.

So (IIb) is satisfiable. The relations (*) hold, and by
Lemma 23,

2 2
)\S ‘ )‘ka Hs ‘ 93 and Hs 1 )‘]{

Thus, (IVa,b) can be satisfied, and, by the Chinese Re-
mainder Theorem, there is a number m such that

m=1 (mod us), m=a (mod Ag).
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Therefore, we can satisfy (VI) and (VII). Letting x =
Ty(m),y = yu(m), (VIII) is satisfied. Using Lemma 15,
y=yulm) =yula) =v (mod Ay).
Hence, (X) can be satisfied. Finally, by Lemma 14,
y=1yu(m)=u (mod m —1),
soy=u (mod ug), and we can satisfy (X). O
Lemma 28. If ¢ > y" and y > 1, then 2ay — y? — 1 >

n
Proof. Set g(y) = 2ay—y°—1. Then, g(1) = 2a—2 > a,
since @ > 1. Also, ¢'(y) = 2a — 2y > 0 for y < a. So g(y)

is increasing in the interval 1 < y < a, and therefore, for
such v,

Y

g9(y) =2 9(1) = a.
Finally, assuming that a > y" > y > 1, we have:
g9(y) =z a>y".

Theorem. Let 3 > 1. Then equations (I) - (XV) with
parameters «, 3, u, are satisfiable if and only if a = G

Proof. First, let (I) - (XV) be satisfied. By (XV), a > 1.
Then, by the previous theorem, v = yy(a). By (XI),
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w = xy(a). (XII) yields the congruence:
o = zy(a) — yu(a)(a — B)  (mod 2af — §° —1).
So, by Lemma 17,
a=p" (mod 2af — 3 — 1).

We use the, by now familiar, device of converting this con-
oruence into an equation, by showing that both sides are
less than the modulus. In fact, by (XIII), a < 2a3—3%—1.
Now, (XIV) implies B, u < n. By (XV), there is an n such
that
a=xn(n),(n—1)(0 +1) = yn(n).

By Lemma 14, n = (n — 1)(6 + 1) (mod (n — 1)), ie.
(m—1) | n. Sincen #0 (elsea=1),n>n—1. So, by
Lemma 19,

a=mzn(n) >n" =" > B
Since, > 1, Lemma 28 implies that % < 2a8 — 3% — 1.
Hence, o = .

Conversely, let a = (%, and let us satisfy (I) - (XV).
Choose n > (3, u, thus satisfying (XIV), and let
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a = xp_1(n). Then,

yp—1(n) =n—1=0 (modn—1).

Hence, we can write y,_1(n) = (n — 1)(d + 1), thus satis-
fying (XV). Since, 8 > 1, Lemma 28 enables us to find 7
satisfying (XIII). Let w = xy(a), v = yy(a) so (XI) is sat-
isfied, and by the previous theorem, (I) - (X) are satisfied.
Using Lemma 17, we have the congruence:

a=w—va—pF) (monaﬂ—ﬁQ—l),

and so we can find v satisfying (XII). O
Finally, we obtain our goal:
Theorem. The predicate o = 8" is Diophantine.

Proof. By summing the squares of (I) - (XV) we obtain
a polynomial p(a, 3, u, 21, 29, . . ., zn) Which takes on no
negative values such that for 5 # 0,

Q= ﬁu — (3217227 . 'azn)[p(&aﬁaua 1522y - - -;Zn) — O]

To deal with the 5 = 0 case, recall that 0% = 0 when u # 0
and 0V = 1. Hence, for any «, 3, u, the condition o = 5%
is equivalent to the solvability of the equation:
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[(ﬁ —t— 1)2+p(04757u7 Zly - - 7271)]
fa—12+82+u 2+ 82+ w—t—1F=0.
This gives the result. O
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