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We will work with the so-called Pell equation:

x2 − dy2 = 1 where d = a2 − 1 for some a ≥ 1 (∗)

We note the obvious solutions:

x = 1; y = 0

x = a; y = 1

The following lemmas investigate some of the rich proper-
ties of the solutions of (*).

Lemma 1. There are no integers x, y, positive, nega-
tive, or zero, satisfying (*) for which 1 < x+y

√
d < a+

√
d.

Proof. Let x, y satisfy (*). Since

1 = (a +
√

d)(a −
√

d) = (x + y
√

d)(x − y
√

d),

the inequality implies (taking negative reciprocals)

−1 < −x + y
√

d < −a +
√

d.
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Adding the inequalities 0 < 2y
√

d < 2
√

d, that is, 0 <
y < 1, a contradiction.2

Lemma 2. Let x1, y1 and x2, y2 satisfy (*). Let

x + y
√

d = (x1 + y1

√
d)(x2 + y2

√
d).

Then, x, y satisfies (*).

Proof. Replacing
√

d by −
√

d we get

x − y
√

d = (x1 − y1

√
d)(x2 − y2

√
d).

Multiplying, we have

x2 − dy2 = (x2
1 − dy2

1)(x
2
2 − dy2

2) = 1. 2

Definition: We set xn(a) + yn(a)
√

d = (a +
√

d)n.

Often we omit a just writing xn, yn.

Lemma 3. xn, yn satisfies (*).

Proof. Lemma 2 and mathematical induction.

Lemma 4. Let x, y ≥ 0 satisfy (*). Then there is an
n such that x = xn and y = yn.

Proof. Since the sequence (a +
√

d)n increases monoton-
ically to infinity, there exists an n such that

(a +
√

d)n ≤ x + y
√

d < (a +
√

d)n+1
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If (a +
√

d)n = x + y
√

d, we are done. But otherwise

(a +
√

d)n < x + y
√

d < (a +
√

d)n+1

which would imply

1 < (a −
√

d)n(x + y
√

d) < a +
√

d

contradicting Lemmas 1 and 2. 2

Lemma 5. xm±n = xmxn ± dymyn and ym±n =
xnym ± xmyn.

Proof.

xm+n + ym+n

√
d = (a +

√
d)m+n

= (a +
√

d)m(a +
√

d)n

= (xm + ym
√

d)(xn + yn
√

d)

= (xmxn + dymyn)

+ (xnym + xmyn)
√

d

The m − n case is handled similarly. 2

Lemma 6. xm±1 = axm ± dym and
ym±1 = aym ± xm.

Proof. Set n = 1 in Lemma 5. 2
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We are next going to study divisibility relationships among
the yn. We use the following standard notation:

r | s for s is divisible by r
r ⊥ s for the only common divisor

of r and s is 1
r ≡ s (mod m) for m | (r − s)

Lemma 7. xn ⊥ yn.

Proof. Since x2
n − dy2

n = 1, any common divisor would
divide 1. 2

Lemma 8. If n | m then yn | ym.

Proof. Let m = nk. The result is obvious for k = 1. By
Lemma 5,

yn(s+1) = xnyns + xnsyn

Proceeding by induction, we may assume that yns is divis-
ible by yn. Hence the first term of the right side of this
equation is divisible by yn as well. Since the second term
is obviously divisible by yn, this gives the result. 2

Lemma 9. n | m if and only if yn | ym.

Proof. To prove the converse of Lemma 8, suppose that
yn | ym but it is not the case that n | m. So we can write
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m = qn + r, 0 < r < n. Thus

ym = yqn+r = xqnyr + xryqn

By Lemma 8, yn | yqn. Hence yn | xqnyr. We will show
that yn ⊥ xqn. Assuming this for the moment, we get
yn | yr which is impossible since r < n.

To complete the proof suppose that s | yn and s | xnq.
By Lemma 8, s | ynq. By Lemma 7, this implies that
s = 1. 2

Lemma 10. ynk ≡ kxk−1
n yn (mod y3

n).

Proof.

xnk + ynk

√
d = (a +

√
d)nk

= (xn + yn
√

d)k

=
k
∑

j=0













k

j













xk−j
n yj

ndj/2

In this sum, the terms for which j is even contribute to
xnk while those with j odd contribute to ynk, because it
is these last that are an integer multiple of

√
d. Thus,

ynk = kxk−1
n yn +













k

3













xk−3
n y3

nd +













k

5













xk−5
n y5

nd2 + . . .
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Thus the desired result follows. 2

Lemma 11. y2
n | ynyn

.

Proof. Setting k = yn in Lemma 10, we have:

ynyn
= xyn−1

n y2
n + Cy3

n. 2

Lemma 12. If y2
n | ym then yn | m.

Proof. By Lemma 9, n | m; so let m = nk. By Lemma
10, y2

n | kxk−1
n yn, i.e., yn | kxk−1

n . But by Lemma 7,
yn ⊥ xn. Hence, yn | k. Finally, yn | m. 2

Lemma 13. xn+1 = 2axn − xn−1 and yn+1 =
2ayn − yn−1.

Proof. By Lemma 6,

xn+1 = axn + dyn, yn+1 = ayn + xn

xn−1 = axn − dyn, yn+1 = ayn − xn

Adding, we get xn+1 + xn−1 = 2axn and yn+1 + yn−1 =
2ayn. 2

Lemma 14. yn(a) ≡ n (mod a − 1).

Proof. This is obvious for n = 0, 1. Assuming the result
known for k − 1 and k, noting that a ≡ 1 (mod a − 1),
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and using Lemma 13,

yk+1 = 2ayk − yk−1

≡ 2k − (k − 1) (mod a − 1)

= k + 1 2

Lemma 15. If a ≡ b (mod c), then for all n,
xn(a) ≡ xn(b) (mod c) and yn(a) ≡ yn(b) (mod c).

Proof. Use induction and Lemma 13. 2.

Lemma 16. When n is even yn is even, and when n
is odd yn is odd.

Proof. Using Lemma 13,

yn+1 = 2ayn − 2yn−1 + yn−1 ≡ yn−1 (mod 2).

Since y0 = 0 and y1 = 1, the result follows. 2

Lemma 17.
xn(a) − yn(a)(a − y) ≡ yn (mod 2ay − y2 − 1).

Proof. This is true for n = 0, 1, namely x0−y0(a−y) = 1
and x1 − y1(a − y) = y. Assuming the result known for
k − 1 and k and using Lemma 13, we get
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xk+1 − yk+1(a − y) = [2axk − xk−1]

−[2ayk − yk−1](a − y)

= 2a[xk − yk(a − y)]

−[xk−1 − yk−1(a − y)]

≡ 2ayk − yk−1 (mod 2ay − y2 − 1)

= yk−1(2ay − 1)

≡ yk−1y2 (mod 2ay − y2 − 1)

= yk+1
2

Lemma 18. For all n, yn+1 > yn ≥ n.

Proof. Follows from Lemma 6. 2

Lemma 19. For all n,
xn+1(a) > xn(a) ≥ an; xn(a) ≤ (2a)n.

Proof. By Lemmas 6 and 13,
axn(a) ≤ xn+1(a) ≤ 2axn(a). The result follows by in-
duction. 2

We write:

λk = λk(a) = yk+1(a) + yk(a);

µk = µk(a) = yk+1(a) − yk(a).
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Lemma 20. y2k+1 = λk · µk.

Proof. Using Lemma 5,

y2k+1 = xkyk+1 + ykxk+1

1 = y1 = xkyk+1 − ykxk+1.

Multiplying these equations:

y2k+1 = x2
ky

2
k+1 − y2

kx
2
k+1

= (1 + dy2
k)y2

k+1 − y2
k(1 + dy2

k+1)

= y2
k+1 − y2

k = λk · µk. 2

Lemma 21. λk ⊥ µk.

Proof. By Lemmas 6 and 20, λk and µk are both odd.
Let s | λk and s | µk. Then,

s | λk + µk and s | λk − µk.

Thus, s | 2yk+1 and s | 2yk. Because s is odd, s | yk+1
and s | yk. By Lemma 6, s | xk, and by Lemma 7, this
implies s = 1. 2
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Lemma 22. (2s + 1) | (2n + 1) implies λs | λn and
µs | µn.

Proof. Let (2n+1) = (2s+1)q. Our proof is by induction
on q. Of course the result is trivial if q = 1. Since q must be
odd, it suffices to show that if the result is true for q = q1,
then it is also true for q = q1 + 2. Let

(2n1 + 1) = (2s + 1)q1

(2n + 1) = (2s + 1)(q1 + 2).

Then, n = n1 + 2s + 1. Using Lemma 5,

yn+1 ± yn = y(n1+1)+(2s+1) ± yn1+2s+1

= (yn1+1x2s+1 + xn1+1y2s+1)

±(yn1x2s+1 + xn1y2s+1)

= x2s+1(yn1+1 ± yn1) + y2s+1(xn1+1 ± xn1).

The result follows using the induction hypothesis. 2

Lemma 23. Let (2n + 1) = (2s + 1)y2s+1. Then,
λ2

s | λn and µ2
s | µn. Also, λs ⊥ µn and µs ⊥ λn.

Proof. By Lemma 11,

y2
2s+1 | y2n+1.
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By Lemma 20,
λ2

sµ
2
s | λnµn.

Lemma 22 implies that λs | λn and µs | µn.

Now, suppose that r | λs and r | µn. Then also, r | λn.
Thus, by Lemma 21, r = 1. We have shown that λs ⊥ µn.
Similarly, µs ⊥ λn.

Since λ2
s | λnµn and λ2

s ⊥ µn, we conclude that λ2
s | λn.

Similarly, µ2
s | µn. 2

Lemma 24. We have the following modulo λk:

y2k+1 ≡ 0; x2k+1 ≡ 1; xk+1 ≡ xk.

Proof. In this proof all congruences are modulo λk. The
first relation follows at once from Lemma 20. Any divisor
of λk and yk must divide yk+1 and therefore also xk. So,
λk ⊥ yk. Now, since yk+1 ≡ −yk, we have:

0 ≡ y2k+1 = ykxk+1 + xkyk+1

≡ ykxk+1 − xkyk

= yk(xk+1 − xk).

Thus, λk | (xk+1 − xk), i.e. xk+1 ≡ xk. It remains to
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consider x2k+1. But,

x2k+1 = xkxk+1 + dykyk+1

≡ x2
k − dy2

k = 1. 2

Lemma 25. (PERIODICITY) yn+2k+1 ≡ yn(mod λk).

Proof.

yn+2k+1 = ynx2k+1 + xny2k+1

≡ yn · 1 + xn · 0 = yn. 2

Lemma 26. yk+n ≡ −yk+1−n (mod λk).

Proof. Using Lemma 24,

yk+1−n = yk+1xn − xk+1yn

≡ −ykxn − xkyn

= −yk+n. 2

Lemma 27. The numbers {yi : 0 ≤ i < 2k + 1}, are
mutually incongruent modulo λk.

Proof. By Lemma 18, yk+1 ≥ yk + 1. Therefore,

λk ≥ 2yk + 1.

That is,
yk ≤ (λk − 1)/2.
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Since λk is an odd number, every integer is congruent mod-
ulo λk to one and only one of the numbers:

−(λk − 1)/2, . . . ,−1, 0, 1, . . . , (λk − 1)/2.

Now,

0 = y0 < y1 < . . . < yk ≤ (λk − 1)/2.

So the numbers y0, y1, . . . , yk are certainly mutually in-
congruent. Furthermore, by Lemma 26, the numbers

yk+1, yk+2, . . . , y2k

are congruent respectively to:

−yk,−yk−1, . . . ,−y1,

which gives the result. 2

Theorem (THE MAIN LEMMA). Let v ≤ yk(a),
m ≡ a (mod λk(a)), and v ≡ yn(m) (mod λk(a)).
Then there is a j ≤ k such that v = yj(a) and
j ≡ n (mod 2k + 1).

Proof. By Lemma 15,

v ≡ yn(m) ≡ yn(a) (mod λk).
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Let n = (2k + 1)q + j, 0 ≤ j < 2k + 1. So,
j ≡ n (mod 2k + 1). By Periodicity (Lemma 25),
yn(a) ≡ yj(a) (mod λk). So,

v ≡ yj(a) (mod λk) and v ≤ yk(a) < xk(a)+yk(a) = λk.

Now, j ≤ k, which we see as follows: If otherwise j > k,
then using Lemma 26 with n = j − k, we would have

v ≡ yj(a) ≡ −y2k+1−j(a) (mod λk).

But v and −y2k+1−j are different (one is non-negative and
the other is negative) and both are included among the
numbers (*) in the proof of Lemma 27; so this is impossible.
Now using j ≤ k we have:

yj(a) ≤ yk(a) < λk.

Finally, we see that v and yj(a) are a pair of non-negative
numbers, congruent modulo λk both < λk;
hence v = yj(a). 2
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THE EQUATIONS

(I) u + j = v
(IIa) p + (a − 1)q = v + r + 1
(IIb) g = v + t + 1
(III) p2 − (a2 − 1)q2 = 1
(IVa) h + (a + 1)g = (b + 1)(p + (a + 1)q)2

(IVb) h + (a − 1)g = (c + 1)(p + (a − 1)q)2

(V) h2 − (a2 − 1)g2 = 1
(VI) m = (h + (a + 1)g)z + a
(VII) m = (p + (a − 1)q)f + 1
(VIII) x2 − (a2 − 1)y2 = 1
(IX) y = d(p + (a − 1)q) + u
(X) y = e(h + (a + 1)g) + v
———————————————————-
(XI) w2 − (a2 − 1)v2 = 1
(XII) (w − v(a − β) − α)2 = γ2(2aβ − β2 − 1)2

(XIII) α + τ + 1 = 2aβ − β2 − 1
(XIV) η = β + ζ + 1 = u + ξ + 1
(XV) a2 − (η2 − 1)(η − 1)2(δ + 1)2 = 1
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Theorem. Equations (I) - (X) with parameters u, v, a
have a solution for a > 1 if and only if v = yu(a).

Proof. First let (I) - (X) be satisfied. (III) and (V) permit
us to write:

p = xs(a), q = ys(a); h = xk(a), g = yk(a).

Using Lemma 6,

p + (a − 1)q = xs(a) + (a − 1)ys(a)
= ys+1(a) − ys(a) = µs(a); (*)

p + (a + 1)q = xs(a) + (a + 1)ys(a)
= ys+1(a) + ys(a) = λs(a); (*)

h + (a − 1)g = xk(a) + (a − 1)yk(a)
= yk+1(a) − yk(a) = µk(a); (*)

h + (a + 1)g = xk(a) + (a + 1)yk(a)
= yk+1(a) + yk(a) = λk(a). (*)

(I) and (IIa,b) yield the inequalities:

u ≤ v < µs, v < g = yk(a).

Using (IVa,b), λ2
s | λk, µ2

s | µk. Therefore,

(y2s+1)
2 | y2k+1.
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By Lemma 12, y2s+1 | 2k + 1. So, µs | 2k + 1.

(VI) and (VII) give us the congruences:

m ≡ a (mod λk),m ≡ 1 (mod µs),

and (IX) and (X) yield the congruences:

y ≡ u (mod µs), y ≡ v (mod λk).

Finally, by (VIII), there is a number n such that
y = yn(m). Therefore, we can apply the main lemma to
obtain a number j ≤ k such that

v = yj(a) and n ≡ j (mod 2k + 1).

It remains to show that j = u. Since µs | 2k + 1, we have

n ≡ j (mod µs).

Since m ≡ 1 (mod µs), Lemma 14 tells us that yn(m) ≡
n (mod µs). Thus,

u ≡ y ≡ n ≡ j (mod µs).

To show that u = j it will therefore suffice to show that
they are both < µs. But we already know that u < µs.
And, using Lemma 18,

j ≤ yj(a) = v < µs.
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We conclude that v = yu(a).

Conversely, let v = yu(a). We proceed to show how to
satisfy (I)-(X). Since Lemma 18 implies that v ≥ u, we can
choose j to satisfy (I). Choose s so large that ys(a) > v,
and set p = xs(a), q = ys(a), thus satisfying (III). Then,

p + (a − 1)q ≥ ys(a) > v

so (IIa) can be satisfied. Let k be the integer satisfying the
equation:

(2k + 1) = y2s+1(2s + 1),

and set h = xk(a), g = yk(a), thus satisfying (V). Then,

g = yk(a) ≥ ys(a) = q > v.

So (IIb) is satisfiable. The relations (*) hold, and by
Lemma 23,

λ2
s | λk, µ2

s | µk, and µs ⊥ λk.

Thus, (IVa,b) can be satisfied, and, by the Chinese Re-
mainder Theorem, there is a number m such that

m ≡ 1 (mod µs), m ≡ a (mod λk).
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Therefore, we can satisfy (VI) and (VII). Letting x =
xu(m), y = yu(m), (VIII) is satisfied. Using Lemma 15,

y = yu(m) ≡ yu(a) = v (mod λk).

Hence, (X) can be satisfied. Finally, by Lemma 14,

y = yu(m) ≡ u (mod m − 1),

so y ≡ u (mod µs), and we can satisfy (X). 2

Lemma 28. If a > yn and y ≥ 1, then 2ay− y2− 1 >
yn.

Proof. Set g(y) = 2ay−y2−1. Then, g(1) = 2a−2 ≥ a,
since a > 1. Also, g′(y) = 2a − 2y > 0 for y < a. So g(y)
is increasing in the interval 1 ≤ y < a, and therefore, for
such y,

g(y) ≥ g(1) ≥ a.

Finally, assuming that a > yn ≥ y ≥ 1, we have:

g(y) ≥ a > yn.

Theorem. Let β ≥ 1. Then equations (I) - (XV) with
parameters α, β, u, are satisfiable if and only if α = βu.

Proof. First, let (I) - (XV) be satisfied. By (XV), a > 1.
Then, by the previous theorem, v = yu(a). By (XI),
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w = xu(a). (XII) yields the congruence:

α ≡ xu(a) − yu(a)(a − β) (mod 2aβ − β2 − 1).

So, by Lemma 17,

α ≡ βu (mod 2aβ − β2 − 1).

We use the, by now familiar, device of converting this con-
gruence into an equation, by showing that both sides are
less than the modulus. In fact, by (XIII), α < 2aβ−β2−1.
Now, (XIV) implies β, u < η. By (XV), there is an n such
that

a = xn(η), (η − 1)(δ + 1) = yn(η).

By Lemma 14, n ≡ (η − 1)(δ + 1) (mod (η − 1)), i.e.
(η − 1) | n. Since n 6= 0 ( else a = 1), n ≥ η − 1. So, by
Lemma 19,

a = xn(η) ≥ ηn ≥ ηη−1 > βu.

Since, β ≥ 1, Lemma 28 implies that βu < 2aβ − β2 − 1.
Hence, α = βu.

Conversely, let α = βu, and let us satisfy (I) - (XV).
Choose η > β, u, thus satisfying (XIV), and let
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a = xη−1(η). Then,

yη−1(η) ≡ η − 1 ≡ 0 (mod η − 1).

Hence, we can write yη−1(η) = (η − 1)(δ + 1), thus satis-
fying (XV). Since, β ≥ 1, Lemma 28 enables us to find τ
satisfying (XIII). Let w = xu(a), v = yu(a) so (XI) is sat-
isfied, and by the previous theorem, (I) - (X) are satisfied.
Using Lemma 17, we have the congruence:

α ≡ w − v(a − β) (mod 2aβ − β2 − 1),

and so we can find γ satisfying (XII). 2

Finally, we obtain our goal:

Theorem. The predicate α = βu is Diophantine.

Proof. By summing the squares of (I) - (XV) we obtain
a polynomial p(α, β, u, z1, z2, . . . , zn) which takes on no
negative values such that for β 6= 0,

α = βu ↔ (∃z1, z2, . . . , zn)[p(α, β, u, z1, z2, . . . , zn) = 0].

To deal with the β = 0 case, recall that 0u = 0 when u 6= 0
and 00 = 1. Hence, for any α, β, u, the condition α = βu

is equivalent to the solvability of the equation:
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[(β − t − 1)2 + p(α, β, u, z1, . . . , zn)]

·[(α − 1)2 + β2 + u2] · [α2 + β2 + (u − t − 1)2] = 0.

This gives the result. 2
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